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ABSTRACT Early identification and characterization of gas influx events during drilling remains difficult because the most
reliable measurements are typically available at the surface, while the hazardous dynamics occur along an extended,
heterogeneous wellbore. Surface pressure and flow signals are continuously accessible, but they are often non-unique
with respect to downhole states because multiphase slip, compressibility, dissolution, and evolving frictional losses
can produce similar signatures for distinct influx scenarios. This paper develops a physics-first estimation and decision-
support framework that converts sparse surface measurements into probabilistic downhole reconstructions suitable
for real-time operational guidance. The core contribution is a coupled thermo-hydraulic model that accounts for gas
compressibility, transient annular hydraulics, and pressure- and temperature-dependent gas solubility in non-aqueous
drilling fluids, embedded within a constrained moving-horizon inference scheme. The estimator jointly reconstructs
the latent state fields and an unknown influx boundary profile while enforcing mass conservation, momentum balance,
and phase-equilibrium consistency. To improve robustness under model-form uncertainty and unmodeled flow-
regime effects, the framework augments deterministic inversion with ensemble-based uncertainty propagation and
risk-calibrated decision metrics that remain meaningful when the inverse problem is ill-conditioned. Numerical
experiments spanning circulating and shut-in conditions demonstrate that the method can separate competing
explanations for similar surface pressure traces by exploiting the joint evolution of pressure gradient, dissolved-gas
inventory, and annular holdup. The resulting system offers a principled route to rapid, quantitatively interpretable kick
assessment without relying on bespoke flow-pattern labels, while remaining compatible with data-driven components
as optional accelerators rather than as primary arbiters of physical plausibility.
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1. Introduction

Multiphase influx events in drilling are operationally critical

because they couple fast transients, strong nonlinearity, and
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Figure 1 End-to-end estimation and decision pipeline: sparse surface measurements are conditioned and interpreted through a solubility-aware
thermo-hydraulic forward model within a constrained moving-horizon estimator; ensemble uncertainty propagation yields risk-calibrated metrics

used to rank operational responses.

dient becomes path-dependent and regime-sensitive, while the
available measurements are often aggregated through chokes,
standpipe dynamics, and sensor filtering. This creates a char-
acteristic inverse problem: infer a distributed state and an
unknown boundary disturbance from a small number of noisy
measurements, under uncertain constitutive closures [2].

A pragmatic response has been to treat the mapping from
surface signals to downhole regimes as a classification problem.
That direction can be valuable for rapid flagging, particularly
when the measurement conditions match those in training data.
Under circulating conditions, machine-learning models have
been shown to associate measured surface pressure and flow
information with annular flow patterns at high accuracy; for
example, decision-tree classification achieved reported accura-
cies of 96% for air influx and 98% for carbon-dioxide influx
in laboratory-scale dynamic experiments, indicating that infor-
mative structure exists in surface data even when downhole
dynamics are complex [3]. However, classification alone does
not answer the more operational questions: How large is the
influx? Where is the gas located? How much is dissolved versus
free? What is the predicted near-future surface pressure trajec-
tory under candidate choke actions? Those questions demand a
quantitative state estimate together with uncertainty that reflects
non-uniqueness [4].

This paper argues that the most durable path to such quanti-
tative answers is a physically constrained inverse formulation
that treats surface measurements as partial observations of a
distributed conservation-law system. The thesis is not that
purely mechanistic simulators are sufficient, but that mecha-

nistic constraints are essential to prevent the estimator from
proposing states that are inconsistent with mass balance, thermo-
dynamics, or momentum coupling. In particular, two features
are emphasized. First, the thermodynamic partitioning of gas
between dissolved and free phases can materially alter both pit
gain and pressure response by buffering the free-gas volume,
especially in synthetic or non-aqueous fluids where solubility
can be significant [5]. Second, the inverse problem must be
posed so that it remains well-defined even when flow-regime
transitions and slip closures are only approximately represented.

The main technical contribution is a coupled thermo-
hydraulic model and inference scheme designed for sparse
measurements. The forward model combines one-dimensional
annular transport with compressible gas dynamics and a pressure-
and temperature-dependent solubility relation, producing a state
vector that includes pressure, phase holdups, velocities, tem-
perature, and dissolved-gas inventory [6]. The inverse problem
reconstructs both the state trajectory and an unknown influx
boundary profile using moving-horizon estimation with inequal-
ity constraints and regularization designed to encode opera-
tional plausibility. A second contribution is the introduction of
risk-calibrated decision metrics that transform posterior state
ensembles into actionable quantities, such as the probability
that gas holdup at the shoe exceeds a threshold within a looka-
head horizon, or the probability that a proposed choke schedule
violates a casing pressure constraint.

The framework is intended to complement, not replace,
data-driven detectors. The estimation architecture accepts any
auxiliary detector as an external cue or prior, but it does not
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Figure 2 Coupled thermo-hydraulic structure: conservation laws evolve the distributed state, while thermodynamics (EOS and
pressure/temperature-dependent solubility) and finite-rate mass transfer govern the partitioning between dissolved and free gas; closures for

slip and friction enter as compact, tunable components.

require flow-pattern labels [7]. This separation matters because
labels can be ambiguous, while conservation constraints are not.
The remainder of the paper develops the problem formulation,
the thermo-hydraulic and solubility model, the moving-horizon
inversion machinery, the uncertainty-aware decision logic, and
numerical experiments that illustrate how the method distin-
guishes physically distinct scenarios that are superficially similar
at the surface.

2. Problem Formulation and Observability
Structure

Consider a wellbore annulus parameterized by measured depth
coordinate z € [%, L], with z = % at the wellhead and z = L near
the influx zone. Let ¢ > » denote time [8]. The drilling fluid is
modeled as a carrier liquid with density p,(p, T) and viscosity
we(p, T), potentially non-Newtonian in detail but represented
here through an effective viscosity closure. Gas exists as a
free phase with density p, (p,T) and as a dissolved component
within the liquid characterized by a mass fraction x,4(z, ¢). The
free-gas volumetric fraction (void fraction) is a/(z, ), the liquid
fraction is — a(z, 1), and the superficial velocities are u,(z, t)
and ug(z,t), with a mixture velocity u,, = aug + ( — a)ug.
The cross-sectional area A(z) and hydraulic diameter Dy, (z) are
assumed known from geometry [9].

The measurement model is intentionally sparse. Let the
available data stream be y(#) consisting of surface pressure and,
optionally, surface flow rate and density estimates from mud
logging. A representative measurement vector is [10]

p(n.t)
() = |ge(n,0) | + 1),
Qg(%’ t)

e))

where g¢ = A( - a@)u, and g, = Aau, at the wellhead, and
1(t) models sensor noise and unmodeled dynamics. In many

operations, only p(x,?) is reliable at high frequency, with
flow information delayed or filtered; the framework remains
meaningful in that degenerate case by treating missing channels
as unobserved.

The disturbance to be inferred is an influx boundary profile.
When gas enters the annulus from the formation, it can be
modeled as an unknown source term localized near z = L,
possibly distributed over a short interval to represent perforation
or open-hole length [11]. Denote the unknown free-gas mass
influx rate by m;,(¢) and, if relevant, a dissolved-gas influx
component by m1;, 4(t). The inverse problem is to estimate
min (t) along with the distributed state x(z, ¢) given y(t).

A central challenge is structural non-uniqueness. Under
shut-in conditions, for example, pressure diffusion-like effects,
gas migration, and dissolution can produce pressure signals
that resemble those from small surface choke adjustments or
temperature-driven density changes. Under static conditions,
machine-learning analyses have associated pressure-gradient
evolution with observed annular flow patterns and achieved
about 90-94% kick prognosis accuracy using neural models,
suggesting that pressure-gradient carries discriminative informa-
tion even when flow is not circulating [12]. The implication for
physics-based estimation is that pressure-gradient information,
when properly modeled, can regularize the inverse problem, but
only if the forward model captures the mechanisms that shape
that gradient, including compressibility, slip, and dissolution
[13].

To formalize the estimation target, define the state vector

x(z,0) = |p(z,1) a(z,1) ue(z,t) ug(zt) T(z,1) xd(z,t)]T.

(@)

The state evolves under a system of conservation laws with
closures for slip, friction, heat transfer, and phase equilibrium.
The estimator will reconstruct x(z, t) over a finite horizon [z —
A, t] and infer m;, () over the same horizon. The decision-
support layer then maps the inferred state distribution into
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Figure 3 Moving-horizon inference loop: a sliding time window jointly estimates distributed states and an unknown influx profile by minimizing
measurement mismatch with arrival-cost anchoring and smoothness regularization, subject to conservation-law dynamics and physical inequality

constraints.

risk metrics and recommended responses, such as whether to
initiate a controlled shut-in or adjust choke settings to maintain
bottomhole pressure within safe bounds.

Observability depends on excitation and on the coupling
between measured variables and latent states [14]. Even if only
surface pressure is measured, a temporally rich pressure trace
can carry information about downhole gas inventory because
the compressible free-gas volume changes nonlinearly with
pressure and temperature, and because the effective hydrostatic
head depends on holdup. However, if solubility is significant,
changes in dissolved fraction can buffer free-gas volume, causing
two different downhole inventories to produce similar surface
pressure. This motivates explicitly modeling solubility and
jointly estimating dissolved and free components rather than
treating the gas as purely free [15].

3. Thermo-Hydraulic Forward Model with Solu-
bility Coupling

The forward model is one-dimensional along the annulus axis and
is designed to be compatible with real-time inversion. The intent
is not to resolve detailed three-dimensional flow patterns, but to
capture the dominant couplings that shape pressure evolution
and gas inventory.

Mass conservation is written separately for free gas, liquid,
and dissolved gas within the liquid. Let my = p¢(—a)x4 denote
dissolved-gas mass per unit volume of mixture. Let I'(z,¢)
denote the interphase mass transfer rate from dissolved to free
gas, positive for exsolution and negative for dissolution [16].

Then

0 0
% (pga) + . (peaug) = sq(z,1) + (2, 1),
3

2 (e~ + a% (pe( = a)ug) = se(z 1), 4

2 (e~ ) + 5 (pe( = @)eau) = sale.0) = Tz,
t 0z
)

where s, represents the influx source (localized near z = L),
s¢ represents any imposed liquid injection or loss (often zero
in the annulus away from boundaries), and s4 can represent a
dissolved component introduced with the influx if applicable.
In typical kick scenarios, s, dominates near the entry zone and
is zero elsewhere.

Momentum balance can be expressed at the mixture level to
reduce stiffness while retaining slip through closure relations.
Let py, = pga + p¢( — ) and define a mixture momentum flux
[17]. A convenient form is

0 0
E (pmum) + 6_2 (pmum + P)

f(z,1)
Dy (2)

Pmlm|Um| + MSlip(Z’ 1).

(6)

= —pmgcos6(z) -

where 6(z) is inclination, f is a friction factor closure that may
depend on Reynolds number and effective viscosity, and My,
accounts for the difference between phase velocities in a reduced-
order manner. Alternative two-fluid momentum equations can
be used, but the mixture form is advantageous for inversion
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deviations without breaking conservation consistency.

because it limits the number of hyperbolic characteristics while
preserving the pressure-gradient dependence on holdup.

Slip is introduced via an algebraic relation linking ug and u,
[18]. One pragmatic choice is a drift-flux-like relation

a
g =tm +Vy(a,p,T,0), ur=uy,——Vela,p,T,0),
-«

)

where Vy is a drift velocity closure capturing buoyancy-driven
rise and regime-dependent slip. Because detailed regime maps
are uncertain, V; is parameterized with a small number of
tunable coeflicients that can be estimated or marginalized in
the inference layer. This choice makes slip uncertainty explicit
rather than hiding it behind a fixed regime label [19].

Energy balance is included in a reduced form to enable
solubility dependence on temperature. Let T(z, t) satisfy

pnep G+ pmc,,um‘Z—f = (D) (T =T (2)) + (1),
®)

where ¢, is an effective heat capacity, h,, is a wall heat transfer
coefficient, T;, (z) is an imposed formation or wall temperature
profile, and @ represents viscous dissipation or other small
sources often neglected. The model is not intended to predict
detailed thermal transients; rather, it provides a consistent
temperature field that affects gas density and solubility [20].

Thermodynamics enters through the equation of state for
the free gas and the phase equilibrium relation for dissolution.
For the gas, a compressibility factor Z(p, T) is obtained from a
cubic equation of state, giving

PMg

Z(p,T)RT’ ©)

pg(p,T) =

with molar mass M, and universal gas constant R. For disso-
lution, define an equilibrium dissolved mass fraction xflq (p,T)

that increases with pressure and decreases with temperature. A
general representation is [21]

X (p,T) = S(p.T; B), (10)

where S is a solubility function parameterized by coefficients 8
that reflect mud chemistry. The key is to avoid purely empirical
low-pressure Henry behavior when operating at elevated pres-
sures where non-idealities matter. A thermodynamic approach
based on fugacity equality between phases provides a consistent
method to compute S, and a solubility-informed kick model
has shown agreement with a chemical process simulator within
a maximum deviation of 8% for methane liquid-phase mole
fraction while matching bubble-point estimates, indicating that
a relatively compact thermodynamic formulation can be practi-
cally accurate for this purpose [22]. In the present framework,
this motivates computing x5’ from a non-ideal equilibrium
relation rather than assuming negligible solubility.

Mass transfer I' is modeled as relaxation toward equilib-
rium with a finite rate to represent finite kinetics and mixing
limitations:

P(21) = kn(21) (pe( = @25 (. T) = pe( = a)xa) . (1)

with mass transfer coefficient k,, that may depend on shear rate,
holdup, and flow rate [23]. In many operational contexts, k,, can
be large relative to the transport time scale, making dissolution
near-equilibrium; however, explicitly retaining kinetics prevents
unphysical instantaneous transitions during sharp pressure tran-
sients and gives the estimator a degree of freedom to represent
delayed exsolution.

To close the system, fluid properties p¢(p,T) and u(p,T)
are parameterized, and the friction factor f is computed from
an effective Reynolds number:

pm|um|Dh

Re(z,t) = ———m——,
Merr (¥, . T, )

f=%F(Re,e/Dp), (12)
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where € is roughness and p. 7 7 is an effective viscosity reflecting
rheology and gas loading. The estimator treats selected property
parameters as uncertain and carries them as augmented states or
nuisance variables.

The boundary conditions depend on the operational mode
[24]. Under circulation, an imposed liquid flow rate at z = L
(near the bit) and an imposed surface pressure or choke relation
at z = » may apply. Under shut-in, surface flow is constrained to
zero and the surface pressure evolves due to compressibility and
gas migration. The model supports both by switching boundary
constraints while maintaining the same interior equations.

This forward model is intentionally compact: it captures com-
pressibility, hydrostatic head changes due to holdup, frictional
effects, and dissolution buffering [25]. These mechanisms are
the primary determinants of how surface pressure responds to
downhole gas inventory. The model is still imperfect, especially
regarding regime-dependent slip and transient friction. The next
sections show how the inverse formulation is designed to remain
useful even when these closures are uncertain.

4. Constrained Moving-Horizon Inference of In-
flux and Distributed State

The inverse problem is posed as a moving-horizon estimation
(MHE) problem with constraints [26]. At discrete times f,
consider a finite horizon [f; — A, #]. The estimator seeks the
state trajectory x(z,t) and unknown influx profile r;, (¢) that
best explain measurements while satisfying the forward model.

Let G denote the discretized forward operator mapping
initial state and inputs to predicted measurements. Denote the
discretized state at time index j by x; and the influx control
at the same index by u; = r;,(t;). The total-variation term

promotes piecewise-smooth influx behavior, consistent with a
kick onset followed by a plateau or decay, without requiring
explicit change-point detection.

The optimization is subject to equality constraints given by
the discretized conservation laws: [27]

xj+=77(xj,uj,0j), j=k—N,...,k—, (13)

where 6; denotes nuisance parameters such as slip coefficients
or friction multipliers, which may be held fixed, estimated, or
marginalized. Inequality constraints enforce physical admissi-
bility:

n<aj <,

U< Xg,j < Xdmax> DPj = Pmin, Uj2N

(14)

where bounds reflect plausible ranges and prevent the optimizer
from exploiting nonphysical states to match noisy measurements.

A key difficulty is that the mapping from influx to surface
pressure is often weakly identifiable for short horizons, particu-
larly if gas dissolves significantly [28]. To improve identifiability,
the estimator uses the full state coupling: pressure evolution de-
pends on both free-gas compressibility and hydrostatic changes,
while dissolution affects the partitioning and thus changes the
effective compressibility of the mixture. Even if surface pressure
alone is used, the time derivative and curvature of the pressure
trace over the horizon provide information about the evolving
mixture compressibility and holdup distribution. The MHE
formulation naturally exploits this by matching the entire time
series rather than a single snapshot.

Because the forward model is nonlinear and stiff, gradient-
based optimization benefits from adjoint sensitivities [29]. For a
discretized system, the adjoint recursion can be written schemat-



Table 1 Dominant physical mechanisms shaping surface responses during multiphase kicks.

Mechanism

Effect on surface response

Representation in framework

Gas compressibility

Holdup evolution

Gas dissolution

Slip between phases

Friction and heat transfer

Nonlinear pressure—volume
relation; strong curvature in
shut-in pressure traces

Changes effective hydrostatic
head and mixture density
along the annulus

Buffers free-gas volume and
delays pressure response to
influx

Modifies gas rise rate and
pressure-gradient structure,
affecting timing of surface
signatures

Alters pressure gradient un-
der circulation and influences
temperature-dependent prop-

Real-gas EOS with compress-
ibility factor Z(p, T) for free
gas density pg

One-dimensional transport of
void fraction a(z, t) coupled
to mixture momentum

Dissolved-gas state
xq(z,t)  with  pressure-
and temperature-dependent
equilibrium xflq (p,T)

Drift-flux-type slip clo-
sure via drift velocity
Va(a,p,T,0)

Friction factor f(Re) and
wall heat transfer h,,(z) in
momentum and energy bal-

The inference scheme also supports mode switching [33].

typically imposes liquid flow, while under shut-in, flow is con-

erties ances
ically as
GF\T ay\T Under circulating conditions, the boundary condition at z = L
A= (—) Ajs + (—j) R™(y;—y;xp). (%)
ij 6)61‘

with terminal condition derived from the final measurement
mismatch and, if applicable, terminal penalties. The gradient
with respect to influx is then

aJ aF \"

a—MjZ—(a—Z;) Ajr + 0, u; +/lTV6|uj+—uj|, (16)
where the last term is interpreted in a subgradient sense [30]. In
practice, a smooth approximation to absolute value can be used
to facilitate stable convergence.

Spatial discretization must preserve mass conservation and
handle advection-dominated transport. A finite-volume method
with approximate Riemann solvers or flux limiters is suitable

31]. For inversion, numerical diffusion can be beneficial in
moderation because it regularizes sharp fronts that the sparse
measurement set cannot resolve. However, excessive diffusion
can smear gas fronts and bias estimated influx duration. The
chosen discretization therefore balances stability, conservation,
and identifiability.

The arrival cost P is updated recursively, either via a local
linearization or via an ensemble approximation [32]. This allows
the estimator to summarize the influence of past data without
extending the horizon indefinitely. When computational budget
is limited, the estimator can reduce the decision variables by
representing u(¢) over the horizon using a low-dimensional basis,
such as a small set of spline coefficients, while still enforcing the
conservation-law constraints. This basis compression is particu-
larly useful when only surface pressure is measured, because it
prevents overfitting with high-frequency influx oscillations that
cannot be supported by the data.

strained and the system becomes more sensitive to gas migration
and dissolution. The MHE problem changes its boundary con-
straints accordingly, but the interior dynamics remain the same.
This yields a unified estimator across operational modes, which
is important because transitions between circulation and shut-
in are themselves informative events that the estimator must
interpret without losing continuity [34].

5. Uncertainty Propagation, Model-Form Ro-
bustness, and Risk Metrics

Even with careful constraints, the inverse problem remains
uncertain. Slip closures, friction factors, and heat transfer
coeflicients can vary with flow regime and cuttings loading,
and the measurement model can be contaminated by surface
equipment dynamics. Treating the MHE solution as a single
deterministic estimate can be misleading if multiple distinct
downbhole states produce similar surface signals. The framework
therefore couples MHE with uncertainty propagation to produce
a posterior distribution over states and influx [35].

A practical approach is an ensemble MHE, where a set of par-
ticles or ensemble members represent uncertain parameters and
initial states. Each member solves an MHE problem with per-
turbed parameters and noise realizations, producing an ensemble
of admissible trajectories. Let {x®) (z, ), u® (t)}f\;l denote the
ensemble. The empirical mean and covariance provide a local
uncertainty quantification, while the diversity of inferred influx
profiles indicates identifiability.

To avoid degeneracy where all ensemble members collapse to
a narrow region due to overconfident arrival costs, the estimator
uses inflation or tempering strategies [36]. For example, the



Table 2 Distributed thermo-hydraulic state variables in the annular model.

Symbol Description Units Primary role

p(z,1) Pressure along the annulus Pa Governs gas density,
solubility, and hydro-
static head

a(z,t) Free-gas volumetric fraction — Sets mixture density

(void fraction) and compressibility

ue(z,1) Liquid superficial velocity m/s Contributes to mass
transport and momen-
tum balance

ug(z,t) Gas superficial velocity m/s Captures gas migration
and slip relative to lig-
uid

T(z,t) Mixture temperature K Affects fluid properties
and x5 (p,T)

xd(z, 1) Dissolved-gas mass fraction in — Tracks gas stored in lig-

liquid

uid phase and exsolu-
tion potential

Table 3 Representative measurement configurations at the surface.

Scenario

Available channels y(¢)

Comments for estimation

Pressure-only

Pressure + flow

Wellhead pressure p(x, t)

Minimal configuration; still
informative via temporal cur-
vature

Pressure + phase flow

Pressure + density log

Multi-mode logging

p(x,t) and bulk flow rate
Gm (%, 1)

p(%.1), qe(%.1), gg (%, 1)

p(%,t) and inferred outlet
density

Combination of high-rate
pressure with slower pit and

Improves identifiability of
friction and holdup

Enables separate constraints
on gas and liquid inventories

Provides direct information
on mixture compressibility

Handled by treating missing
or delayed channels as unob-

flow data

served

measurement likelihood can be raised to a power 7 € (%, ] to
soften updates when the model mismatch is suspected, effectively
enlarging R:

R: = -R. an
T
This prevents the inversion from forcing the state into implausible
regions to exactly match measurements that include unmodeled
choke dynamics.

Model-form robustness is addressed by augmenting the state
with low-dimensional correction terms that can absorb system-
atic bias without violating conservation. One approach is to
introduce a friction multiplier « (¢) and a slip multiplier ()
that scale nominal closures: [37]

f—kp() fu(Re,€/Dp),  Va — ks(1)Van(a,p,T,0).

(18)

These multipliers are constrained to remain within plausible
ranges and are penalized for rapid variation. This allows the
estimator to accommodate regime-induced changes in friction
and slip without explicitly classifying regimes. Importantly, the
multipliers remain interpretable as effective corrections rather
than opaque latent variables [38].

Decision support is framed through risk metrics derived
from the posterior ensemble. Let C(x) denote a constraint
function representing an operational limit, such as maximum
allowable casing pressure at surface or minimum bottomhole
pressure relative to pore pressure. Define a risk probability over
a lookahead horizon H:

R(ty) =P
te

max  C(x(1)) > =
[tk +H]

y%:k) . (19)

This probability is approximated by the ensemble fraction vio-
lating the constraint under forward simulation using candidate



Table 4 Summary of governing conservation equations in the forward model.

Equation Conserved quantity Dominant modeled ef- Notes
fects

Gas mass balance  Free-gas mass p Influx source s,, com- Localized influx
pressibility, slip transport, near z = L

Liquid mass bal- Liquid mass p¢( — @)
ance

Dissolved-gas bal- Dissolved mass pg( —

ance a)xg
Mixture momen- Mixture momentum
tum Pmlm

Energy balance Thermal energy

exsolution term I

Injection or loss s¢, hy-
drostatic and friction cou-

pling
Influx s; and mass trans-
fer I'

Gravity, friction, inter-
phase slip, pressure gra-
dient

Convective transport, wall
heat exchange, property

Often no interior
source term

Allows delayed ex-
solution after influx

Reduced-order clo-
sure for slip effects

Supports
temperature-

variation dependent solubil-

1ty

Table 5 Solubility and mass-transfer quantities for gas in non-aqueous drilling fluids.

Quantity Definition Role in kick dynamics

xq(z, 1) Dissolved-gas mass fraction Measures gas buffered in
in the liquid phase the liquid

x;q (p.T) Equilibrium dissolved frac- Sets target for dissolu-
tion from solubility function tion/exsolution at given
S(p.T:p) p.T

I'(z,t) Interphase mass-transfer rate Controls rate of approach
between dissolved and free to equilibrium
gas

km(z,1) Effective mass-transfer coef- Encodes mixing and ki-

ficient

Solubility parameters 3

Coeflicients in non-ideal ther-
modynamic model

netic limitations

Capture mud chemistry
and pressure dependence
of xz,q

control actions. The estimator thus supports not only diagnosis
(what is happening) but prognosis (what will happen under
different responses) [39].

A complementary metric is the expected severity, which
weights violations by magnitude:

tr+H
S() =E [/ max (%, C(x(1))) dt )’x:k] )

These metrics allow ranking candidate actions without claiming
certainty. For example, a choke adjustment policy can be evalu-
ated by simulating each ensemble member forward, applying
the policy, and computing R and S. The recommended action
is then one that minimizes a weighted combination of risk and

operational cost while respecting constraints:

t+H
a* =argmin = wrRx(tr) + wsSx(tx) + wyE [/
nell tr

ey

where 7 denotes a control policy mapping measurements to
choke commands u.(t), € is an actuation cost, and wg, ws, wy
are weights reflecting operational preferences [40].

Because this paper focuses on estimation, the control policy
class II is kept simple, such as affine feedback on surface
pressure deviation with saturation. The key point is that the risk
evaluation is grounded in the physically constrained posterior
ensemble, not in a single point estimate. This reduces the chance
of brittle decisions when the inverse problem is ill-conditioned.

C(uc(1)) a't] ;



Table 6 Components of the moving-horizon estimation objective.

Term Mathematical form

Physical interpretation Tuning handle

Measurement fit 2ly; =y xellg-

Arrival cost Ixk-n = ¥l p-

Influx magnitude

S sl

Influx smoothness  Ary X |ujy —u;

Parameter variation
or friction multipliers

Optional penalties on slip

Penalizes misfit between Measurement co-
predicted and measured variance R
surface data

Encodes prior state infor- Arrival covari-

mation from earlier hori- ance P

zon
Discourages  unrealisti- Weighting matrix
cally large influx rates Ou

Promotes piecewise- Total-variation

smooth influx with few weight A7y

sharp jumps

Limits rapid changes in ef- Multiplier regu-
fective closures larization weights

Table 7 Physical and operational constraints enforced in the estimator.

Constraint

Mathematical form

Purpose

Void fraction bounds

%< a(z,t) <

Dissolved fraction bounds

Pressure limits

Influx non-negativity

® < xd(Z, t) < Xd,max

p(z,1) = pmin and casing
limits at surface

uj = I’i’lin(lj) >n%n

Prevents nonphysical gas
fractions and negative liquid
content

Limits dissolved inventory to
thermodynamically plausible
range

Enforces safety margins rel-
ative to collapse and equip-
ment ratings

Avoids artificial outflow from
formation in the inverse solu-
tion

Closure multipliers K?i“ < kp(r) < k7™, simi- Constrains effective friction

larly for kg

Mode-dependent boundaries

foo . .
and slip corrections

Circulation vs shut-in bound- Ensures consistency with op-
ary conditions

erational mode transitions

6. Physics-Constrained Surrogates as Optional
Accelerators

Real-time estimation can be computationally demanding if
each MHE iteration requires repeated forward simulations of a
nonlinear PDE system [41]. To reduce cost without sacrificing
physical plausibility, the framework allows a physics-constrained
surrogate to accelerate the forward operator or its sensitivities.
The surrogate is not the primary model; it is a helper that
approximates parts of the computation while the mechanistic
constraints remain enforced either exactly or through residual
penalties.

One strategy is to learn a surrogate mapping from a com-
pressed representation of the state and influx to surface mea-
surements over short horizons [42]. Let r(¢) denote a reduced
representation of the downhole state, such as a small set of
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moments of holdup and dissolved-gas inventory:

r(f)=[f%La(z,t)dz [Foe(-axadz [Fp(zndz p(L.)] -

(22)

A surrogate H approximates the mapping to surface pressure
increment:

p(n,t+68) —p(u,t) ~ H (r(t),u(t : 1 +9)). (23)

Training data can be generated from the mechanistic model
under randomized parameters. The surrogate then serves as a
cheap predictor inside a proposal step or within a coarse-to-fine
optimization loop, where candidate influx profiles are screened
quickly before being refined with the full PDE model.

To avoid the surrogate drifting into nonphysical regions,
training includes a physics residual penalty computed from the



Table 8 Examples of uncertain parameters treated within the estimation framework.

Parameter Physical meaning

Uncertainty source Treatment

Slip coefficients
Va ()

Parameters in drift velocity

Regime-dependent
gas-liquid interaction

Augmented state
or ensemble disper-

Friction factor multi-

plier « ¢

Solubility ~parame-

ters 8

Mass-transfer coeffi-

cient k,,

Wall heat transfer

I (2)

Effective scaling of nominal
friction closure

Governing xflq (p,.T)

Rate of dissolution/exsolu-
tion

Coupling to formation tem-
perature

sion

Cuttings loading, rough-
ness, flow regime

Estimated
bounds and regu-

with

larization

Mud formulation, lab-to-
field mismatch

Calibrated and per-
turbed in ensem-

bles
Unknown mixing and ki- Treated as uncer-
netic effects tain but slowly vary-
ing

Thermal model simplifi-
cations

Represented via un-
certain profile or

scalar factor

Table 9 Synthetic scenario families used in computational experiments.

Scenario family

Primary variation

Purpose

Typical mode

Solubility sweep

Slip uncertainty

Friction perturba-
tion

Boundary mode
switch

Scaling of S(p, T) from neg-
ligible to strong dissolution

Drift-velocity — coefficients
modified for slow/fast gas
rise

Time-varying k ¢ () mimick-
ing cuttings or regime shifts

Transitions between circulat-
ing and shut-in constraints

Different sensor noise levels

Assess impact of dissolu-
tion on inferred influx

Test ambiguity between
holdup distribution and
mass

Examine misinterpreta-
tion of friction changes as
influx

Use mode changes as ex-
citation for identifiability

Evaluate robustness to sur-

Circulation and
shut-in

Mostly shut-in

Circulating seg-
ments

Mixed operation

All scenarios

Noise and filtering
and low-pass filters

face measurement quality

mechanistic equations projected onto the reduced coordinates
[43]. For instance, if E(x,u) = % denotes the discretized
conservation residual, the loss can include

L= Zn:| + g Zn: ”8 (x<">,u<"))|| .24

where x (") is the surrogate-implied state reconstruction. Even
if the surrogate is only approximate, the residual term encour-
ages consistency with conservation and reduces catastrophic
extrapolation.

A second strategy is to surrogate only specific closures, such
as friction factor multipliers or slip drift velocity, conditioned
on local state variables. This reduces model-form error while
keeping the conservation-law skeleton intact. For example, a
small neural closure can map (Re, @, 6) to ks with smoothness
constraints [44]. In inversion, this closure can be treated as a
parameterized function whose parameters are updated slowly,
while the main state is estimated via MHE. This is a pragmatic

piY = p

compromise: regime effects are captured adaptively, but the
estimator remains constrained by the mechanistic transport
equations.

Importantly, none of these accelerators require flow-pattern
labels. They learn directly from simulated or historical data in
terms of measurable quantities like pressure and flow, and they
are used only to speed computation or reduce systematic bias
[45]. The final inferred state must still satisfy the mechanistic
constraints to the degree enforced by the estimator, ensuring that
interpretability and conservation are not traded away for speed.

7. Computational Experiments and Discussion

This section reports numerical experiments designed to stress
the estimator under realistic ambiguities. The goal is not
to claim universal performance, but to demonstrate how the
proposed coupling of solubility-aware physics and constrained
inversion changes the qualitative identifiability of influx size
and distribution relative to solubility-ignorant or unconstrained

1



Table 10 Risk-oriented decision metrics derived from posterior ensembles.

Metric

Definition (conceptual)

Operational interpretation

Constraint-violation prob-
ability R(x)

Expected severity S(x)

Gas-at-shoe exceedance

Pit-gain forecast

Action ranking score

Fraction of ensemble trajec-
tories that violate a pressure
or holdup limit within looka-
head horizon H

Ensemble-averaged time in-
tegral of constraint violation
magnitude

Probability that gas holdup at
casing shoe exceeds a thresh-
old

Distribution of future pit gain
under candidate actions

Weighted combination of
risk, severity, and actuation

Probability that a candi-
date choke action leads to
unsafe conditions

Expected extent or dura-
tion of limit exceedance

Quantifies risk of gas
reaching critical depths

Links inferred influx and
dissolution dynamics to
volume-based alarms

Supports selection among
candidate choke policies

cost

alternatives [40].

The computational domain represents an annulus of length
L with variable inclination and modest geometric variation.
Boundary conditions are chosen to emulate two modes: cir-
culating and shut-in. In circulating mode, a constant liquid
flow is imposed at the lower boundary, and surface pressure is
allowed to evolve under a choke relation with finite response
time. In shut-in mode, surface flow is constrained to zero and
surface pressure evolves due to compressibility and migration
[47]. Gas influx is injected near the lower boundary using a
smooth onset profile, then turned off, so that both onset detection
and post-influx migration are present.

Three scenario families are considered. The first family varies
solubility strength by scaling S(p, T'), producing cases with neg-
ligible dissolution, moderate dissolution, and strong dissolution.
The second family varies slip uncertainty by modifying drift
velocity coeflicients, producing faster or slower gas rise. The
third family introduces friction perturbations to emulate cuttings
loading or regime-dependent turbulence changes, implemented
as time-varying multipliers « ¢ (¢) [48].

In each scenario, synthetic measurements are generated from
the forward model with added noise and low-pass filtering
to emulate sensor dynamics. The estimator then runs with
imperfect prior parameters, including biased friction and slip
coefficients, and attempts to infer influx and state. Performance
is evaluated by comparing inferred influx mass, inferred gas
inventory distribution, and predicted future surface pressure
under a fixed test action [49].

A consistent observation across scenarios is that modeling
dissolution materially changes the inferred explanation for the
same surface pressure trace. In low-solubility cases, surface
pressure increase and pit gain correlate strongly with free-
gas expansion, and the estimator attributes observed pressure
curvature primarily to gas holdup. In high-solubility cases,
early-time pressure changes can be smaller because injected gas
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dissolves under high pressure, delaying free-gas volume growth.
When the well transitions to lower pressures during migration,
exsolution releases gas and produces a delayed amplification in
pressure response [50]. If dissolution is ignored, the estimator
tends to infer a smaller initial influx followed by an artificially
prolonged influx duration to fit the delayed amplification. When
dissolution is included, the estimator instead infers a more
realistic short influx with subsequent exsolution-driven growth.
This distinction matters operationally: a prolonged inferred
influx suggests ongoing formation flow, while an exsolution-
driven delay suggests that the influx has already ceased but is
being revealed by thermodynamics.

Slip uncertainty produces a different ambiguity [51]. Faster
slip moves gas upward more quickly, shifting the timing of
surface pressure changes and reducing downhole holdup at
depth. Slower slip retains gas deeper, increasing hydrostatic
effects and potentially producing similar surface pressure via
a different distribution. The ensemble approach captures this
by producing multimodal posterior distributions in some cases,
with one mode corresponding to fast-rise small influx and
another to slow-rise larger influx. Deterministic inversion
tends to pick one mode depending on initialization, which
can lead to overconfident conclusions [52]. By contrast, the
ensemble risk metrics remain meaningful: if both modes predict
a high probability of exceeding a surface pressure limit under
a candidate choke action, the recommended action remains
conservative even when the inferred influx size differs.

Friction perturbations primarily affect the mapping between
flow rate and pressure gradient, especially in circulating mode.
If friction increases unexpectedly, surface pressure rises even
without additional gas [53]. An unconstrained estimator may
misattribute this to gas influx, leading to false positives. The
augmented-state approach with « ¢ (¢) reduces this failure mode
by allowing the estimator to explain part of the pressure rise
as frictional rather than compressibility-driven. However, the



estimator does not simply absorb everything into « 7 (¢) because
the conservation-law coupling imposes different temporal sig-
natures: friction changes affect pressure drop approximately
proportional to u,,|u,,|, while gas influx affects mixture density,
compressibility, and thus the time evolution of pressure under
shut-in. When both circulating and shut-in segments are present,
the estimator can use the mode switch as an excitation event to
distinguish these effects [54].

A central practical question is latency: how quickly can
the estimator provide a stable inference after influx onset? In
simulations where the influx produces a clear surface pressure
deviation, the MHE typically stabilizes within a small fraction
of the migration time scale, because the temporal structure of
the pressure trace provides enough information to pin down
the influx onset time and approximate magnitude. In more
ambiguous cases, particularly under strong dissolution and slow
slip, the estimator remains uncertain longer, but the risk metrics
still become informative early. For example, even if the total
influx mass remains uncertain, the probability of exceeding a
pressure limit under an aggressive choke closure can become
high across the ensemble, signaling that conservative control is
warranted. This illustrates the advantage of risk-based decision
support: it can be actionable before the inverse problem is fully
resolved [55].

Another practical issue is sensitivity to discretization and
horizon length. Short horizons reduce computation but can fail
to capture delayed exsolution effects, leading to biased influx
estimates. Longer horizons improve identifiability but increase
cost. A hybrid strategy works well: use a short horizon for rapid
onset detection and a longer horizon periodically for recalibration
of dissolved inventory and solubility-related parameters [56].
Because the arrival cost summarizes past information, the longer-
horizon recalibration can be done intermittently without losing
continuity.

Finally, the experiments highlight that the estimator is not a
flow-regime classifier, yet it can still produce regime-relevant
information indirectly. Changes in inferred slip multipliers,
friction multipliers, and holdup distributions correlate with
regime transitions in the sense that they reflect a shift in effective
transport behavior [57]. This is operationally useful because
it provides quantitative parameters for forecasting rather than
categorical labels. When desired, a separate classifier could
be attached downstream, using the inferred state as input, but
the estimator itself remains focused on conservation-consistent
reconstruction.

8. Conclusion

This paper developed a physics-constrained estimation and
decision-support framework for gas-kick transients using sparse
surface measurements. The central premise is that surface
pressure is informative but ambiguous, and that the ambiguity
can only be reduced reliably by embedding measurements within
a conservation-law model that accounts for compressibility,
holdup evolution, and dissolution-driven buffering [58]. To that
end, the work introduced a compact thermo-hydraulic forward
model with explicit dissolved-gas dynamics and a solubility

relation consistent with non-ideal thermodynamics, coupled to
a constrained moving-horizon estimator that jointly reconstructs
distributed states and an unknown influx profile. The estimator
enforces physical bounds and uses regularization to prevent
implausible influx oscillations, while an ensemble extension
propagates parameter and model-form uncertainties to yield
posterior risk metrics suitable for operational decision-making.

Computational experiments demonstrated how solubility can
change the inferred interpretation of similar surface pressure
traces, particularly when exsolution delays free-gas expansion
and thus shifts the timing of surface responses. The experiments
also illustrated how slip and friction uncertainties can create
multimodal inverse solutions, and how ensemble-based risk
measures can remain actionable even when influx magnitude
is not uniquely identifiable [59]. Optional physics-constrained
surrogates were described as accelerators that can reduce com-
putational burden without replacing mechanistic plausibility.

The resulting framework is intended as an extensible back-
bone rather than a finalized product. Its value lies in providing
interpretable, constraint-consistent state reconstructions with un-
certainty and in enabling risk-calibrated evaluation of candidate
responses. Future work can incorporate richer rheology, cuttings
transport, more detailed choke and surface equipment models,
and systematic calibration against field data, while retaining the
same core principle: decisions should be driven by physically
admissible posterior ensembles rather than by unconstrained fits
to surface signals [60].
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